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FINITE-DIMENSIONAL REPRESENTATIONS
OF THE ELLIPTIC MODULAR DOUBLE
S. E. DERKACHOV AND V. P. SPIRIDONOV
Abstract. We investigate the kernel space of an integral operator M(g) depending on
the “spin” g and describing an elliptic Fourier transformation. The operator M(g) is an
intertwiner for the elliptic modular double formed from a pair of Sklyanin algebras with the
parameters η and τ , Im τ > 0, Im η > 0. For two-dimensional lattices g = nη +mτ/2 and
g = 1/2 + nη + mτ/2 with incommensurate 1, 2η, τ and integers n,m > 0, the operator
M(g) has a finite-dimensional kernel that consists of the products of theta functions with
two different modular parameters and is invariant under the action of generators of the
elliptic modular double.
Keywords: Yang-Baxter equation, elliptic modular double, elliptic hypergeometric func-
tions
To Ludwig Faddeev in honor of his 80th birthday
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1. An elliptic modular double
The concept of a modular double of a quantum group was introduced by Faddeev in [10],
where it was shown that the quantum algebra Uq(sl2) with the deformation parameter q does
not uniquely define its representation space and requires an extension. Such an extension is
formed by two sets of generators E ,F ,K and E˜ , F˜ , K˜. The usual algebraic relations
[E,F] = K
2−K−2
q−q−1
, KE = qEK , KF = q−1FK, (1)
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where q = eπiσ, are supplemented by similar relations for the operators E˜, F˜, and K˜ with
the parameter q replaced with q˜ = eπi/σ. The generators E and F commute with E˜ and F˜.
The generator K anticommutes with E˜ and F˜, and K˜ anticommutes with E and F. This
algebra has two central elements, Casimir operators. The first of them has the form
C =
(
q − q−1
)2
FE− qK2 − q−1K−2 + 2 . (2)
The second is constructed from E˜, F˜, K˜, and q˜; its explicit expression is similar to (2).
Particular representations of this modular double were considered in [3, 4, 10, 11, 14, 16].
Quantum algebras emerged from the theory of the Yang-Baxter equation (YBE)
R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v), (3)
which plays an important role in mathematical physics [2, 13, 28]. Here, the operators Rjk
act in the subspace Vj⊗Vk of the tensor product V1⊗V2⊗V3 of three (in general different)
spaces Vj . Variables u and v are called spectral parameters. The Sklyanin algebra [20, 21]
is a one parameter deformation of Uq(sl2) or an elliptic deformation of the sl2-algebra. It
emerges from equation (3) when R12(u) is given by Baxter’s 4× 4 R-matrix [2],
R12(u) =
3∑
a=0
wa(u) σa ⊗ σa , wa(u) =
θa+1(u+ η|τ)
θa+1(η|τ)
, (4)
and R13(u), R23(v) are 2× 2 matrices fixed as copies of the L-operator:
L(u) :=
3∑
a=0
wa(u) σa ⊗ S
a =
(
w0(u)S
0 + w3(u)S
3 w1(u)S
1 − iw2(u)S
2
w1(u)S
1 + iw2(u)S
2 w0(u)S
0 − w3(u)S
3
)
, (5)
where σa are the Pauli matrices and η and τ are free parameters, Im τ > 0. Here, θa(u|τ)
are the Jacobi theta-functions
θ1(z|τ) = −
∑
n∈Z
eπi(n+
1
2)
2
τ · e2πi(n+
1
2)(z+
1
2), θ2(z|τ) = θ1(z +
1
2
|τ), (6)
θ3(z|τ) = e
piiτ
4
+πizθ2(z +
τ
2
|τ), θ4(z|τ) = θ3(z +
1
2
|τ).
It is convenient to introduce the basic variables p = e2πiτ and q = e4πiη. Then
θ1(z|τ) =
e−πizθ(e2πiz; p)
R(τ)
, R(τ) =
p−
1
8
i(p; p)∞
,
where
θ(t; p) = (t; p)∞(pt
−1; p)∞, (t; p)∞ =
∞∏
k=0
(1− tpk).
Theta functions are quasiperiodic, for example
θ1(z + 1|τ) = −θ1(z|τ), θ1(z + τ |τ) = −e
−2πiz−πiτθ1(z|τ).
In what follows, we need the general relations
θa(z +mτ |τ) = µa e
−πiτ m2−2πimz θa(z |τ) , m ∈ Z, (7)
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where µa = (−1)
m for a = 1, 4 and µa = 1 for a = 2, 3.
The YBE corresponding to operators (4) and (5) takes the form of the RLL-relation
R12(u− v) L1(u) L2(v) = L2(v) L1(u)R12(u− v) ,
which yields the following Sklyanin algebra [20]:
Sα Sβ − Sβ Sα = i
(
S0 Sγ + Sγ S0
)
,
S0 Sα − Sα S0 = iJβγ
(
Sβ Sγ + Sγ Sβ
)
, (8)
where the triplet (α, β, γ) is an arbitrary cyclic permutation of (1, 2, 3). The structure
constants Jαβ are not independent and satisfy the constraint
J12 + J23 + J31 + J12J23J31 = 0. (9)
Parametrizing them as Jαβ =
Jβ−Jα
Jγ
for γ 6= α, β, which automatically resolves the constraint
(9), we can write
J1 =
θ2(2η|τ)θ2(0|τ)
θ22(η|τ)
, J2 =
θ3(2η|τ)θ3(0|τ)
θ23(η|τ)
, J3 =
θ4(2η|τ)θ4(0|τ)
θ24(η|τ)
. (10)
The constants Jα are also not independent, because they are parametrized by only two
complex variables η and τ .
There are two Casimir operators commuting with all generators:
K0 =
3∑
a=0
Sa Sa , K2 =
3∑
α=1
Jα S
α Sα ,
[K0,S
a] = [K2,S
a] = 0.
The operators Sa can be realized as finite-difference operators acting on functions of a
complex variable z [21]:
Sa = eπiz
2/η i
δa,2θa+1(η|τ)
θ1(2z|τ)
[
θa+1 (2z − g + η|τ) e
η∂z − θa+1 (−2z − g + η|τ) e
−η∂z
]
e−πiz
2/η,
= fa(z)e
η∂z + fa(−z)e
−η∂z , (11)
where
fa(z) = e
−πiη−2πiz iδa,2θa+1(η|τ)
θa+1 (2z − g + η|τ)
θ1(2z|τ)
and e±η∂z denote the shift operators, e±η∂zf(z) = f(z± η). The variable g is usually defined
as g = η(2ℓ + 1) and the parameter ℓ ∈ C is called the spin. We also call g the spin. The
parameters τ , η, and g characterize representations of the Sklyanin algebra because they fix
the values of the Casimir operators. We note that our operators (11) differ from the standard
ones by multiplication by exponentials e±πiz
2/η from the left and right (such a choice leads
to the analyticity of the intertwining operator in e2πiz; see [9] and the considerations below).
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The elliptic modular double was introduced in [25]. A particular realization of this algebra
degenerates to Faddeev’s modular double in a special limit [10]. The double of interest for
us is generated by Sa and new operators S˜a satisfying the relations
S˜α S˜β − S˜β S˜α = i
(
S˜0 S˜γ + S˜γ S˜0
)
,
S˜0 S˜α − S˜α S˜0 = i J˜βγ
(
Sβ Sγ + Sγ Sβ
)
, (12)
where the triplet (α, β, γ) is an arbitrary cyclic permutation of (1, 2, 3). The tilded structure
constants have a similar parametrization J˜αβ =
J˜β−J˜α
J˜γ
for γ 6= α, β, where
J˜1 =
θ2(τ |2η)θ2(0|2η)
θ22(τ/2|2η)
, J˜2 =
θ3(τ |2η)θ3(0|2η)
θ23(τ/2|2η)
, J˜3 =
θ4(τ |2η)θ4(0|2η)
θ24(τ/2|2η)
. (13)
We note that the constants J˜α depend on Jα. Uniformizations (10) and (13) give an im-
plicit form of this dependence; it would be interesting to describe it purely algebraically or
geometrically.
There are two Casimir operators commuting with all generators:
K˜0 =
3∑
a=0
S˜a S˜a , K˜2 =
3∑
α=1
J˜α S˜
α S˜α ,
[
K˜0, S˜
a
]
=
[
K˜2, S˜
a
]
= 0.
The cross-commutation relations between Sa and S˜a have the forms
SaS˜b = S˜bSa, a, b ∈ {0, 3} or a, b ∈ {1, 2},
SaS˜b = −S˜bSa, a ∈ {0, 3}, b ∈ {1, 2} or a ∈ {1, 2}, b ∈ {0, 3}. (14)
It follows that K0 and K2 commute with S˜
b and, vice versa, K˜0 and K˜2 commute with S
b,
i.e., we have four Casimir operators:
[K0, S˜
a] = [K2, S˜
a] = [K˜0,S
a] = [K˜2,S
a] = 0.
The elliptic modular double is an associative algebra, similar to the standard Sklyanin al-
gebra. Because the generators Sa and S˜a do not commute, it is not a direct product of two
Sklyanin algebras, although it is quite easy to trace the difference of actions of the subalgebra
generators on modules in different orders.
There is an obvious finite-difference operator realization of the second Sklyanin algebra
generators. Namely, the operators S˜a are obtained from Sa by simply permuting 2η and τ
(which requires Im η > 0):
S˜a = e2πiz
2/τ i
δa,2θa+1(τ/2|2η)
θ1(2z|2η)
[
θa+1
(
2z − g +
τ
2
∣∣2η) e 12 τ∂z
− θa+1
(
−2z − g +
τ
2
∣∣2η) e− 12 τ∂z ]e−2πiz2/τ , (15)
where g is the same arbitrary parameter as in (11).
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In the considered realization, the Casimir operators reduce to the scalar expressions
K0 = 4 θ
2
1
(
g|τ
)
, K2 = 4 θ1
(
g − η|τ
)
θ1(g + η|τ) ,
K˜0 = 4 θ
2
1
(
g|2η
)
, K˜2 = 4 θ1
(
g − τ
2
|2η
)
θ1(g +
τ
2
|2η) ,
which are invariant under the reflection g → −g. The variables η and τ are fixed by
the structure constants, and the spin parameter g fixes the values of all Casimir operators
and determines representations of the elliptic modular double. There exists another elliptic
modular double [25] based on the transformation η → 1/(4η), τ → τ/(2η), z → z/(2η), g →
g/(2η) in definition (11), for which the regime Im η = 0 is permitted, but we do not consider
it here.
2. An intertwining operator
Here we focus our attention on the integral operator introduced in [24] for defining a
universal integral transform of hypergeometric type yielding an integral analogue of the
Bailey chain techniques [1]. This operator acts on holomorphic functions of one complex
variable Φ(x) as
[M(g)Φ](z) =
(q; q)∞ (p; p)∞
2
∫ 1
0
Γ(±z ± x− g)
Γ(−2g,±2x)
Φ(x)dx, (16)
where Im(−g ± z) > 0. We use the notation Γ(a, b± z) := Γ(a)Γ(b+ z)Γ(b− z), where
Γ(z) := Γ(z|τ, 2η) :=
∞∏
n,m=0
1− e−2πizpn+1qm+1
1− e2πizpnqm
(17)
is the elliptic gamma function defined for |p|, |q| < 1. The constraints on the parameter
g and argument z can be relaxed by deforming the integration contour, i.e., by analytical
continuation of the expression given above (in the situations when this is allowed by the test
functions).
The intertwining operator satisfies a very simple inversion relation resembling the key
Fourier transform property [26]
M(g)M(−g) = 1l . (18)
This equality holds for an appropriate space of test functions, at least for the values of g
away from the two discrete lattices g = nη +m τ
2
and g = 1
2
+ nη +m τ
2
, where n,m ∈ Z [9].
As shown in [9], operator (16), being symmetric in 2η and τ , satisfies the intertwining
relations:
M(g)Sa(g) = Sa(−g)M(g), M(g) S˜a(g) = S˜a(−g)M(g) . (19)
Here, we explicitly indicate the g-spin dependence of the Sklyanin algebra generators in
order to show that the parameter g simply changes the sign under the action of M. Because
this does not change the Casimir operator values, the operator M(g) connects equivalent
representations to each other. The notation g = η(2ℓ+1), which assumes the transformation
ℓ→ −1 − ℓ, is used in the conventional Sklyanin algebra setting. Equalities (19) show that
the kernel of the M -operator forms an invariant space for the elliptic modular double, i.e.,
it is invariant under the action of the Sklyanin algebra generators Sa(g) (11) and S˜a(g) (15).
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We previously discovered a nontrivial finite-dimensional kernel of the operator M [9]. Here,
we describe this space in more detail. The intertwining operators are very important tools
in the representations theory [12, 15], where they are used to analyze reducibility questions
like the existence and characterization of invariant subspaces for a given infinite-dimensional
representation. Also, in the theory of the YBE [8], they can serve as elementary building
blocks for the R operators.
The intertwining operator M(g) plays a key role in building the most complicated known
solution of the YBE [9] found along the lines of general construction in [6, 7]. The latter
approach to the YBE is based on a twisted representation of the generators of the permu-
tation group. In our case, the needed Coxeter relations are satisfied as a consequence of the
elliptic beta integral [22] and the Bailey lemma in [24]. We do not use our results to build
solutions of the YBE here, postponing this task to a separate paper.
We set
Z = e2πiz, X = e2πix, t = e−2πig, Γp,q(Z) := Γ(z|τ, 2η)
and assume that the operator M(g) acts in the space of holomorphic functions of X . We
can then rewrite the intertwining operator in the form
[M(g)f ](Z) =
(q; q)∞ (p; p)∞
4πi
∫
T
Γp,q(tZ
±1X±1)
Γp,q(t2, X±2)
f(X)
dX
X
, (20)
where T is the unit circle of positive orientation, |tZ±1| < 1, and
Γp,q(a, b
±k) := Γp,q(a)Γp,q(b
k)Γp,q(b
−k).
We note that requiring the holomorphicity in X is equivalent to requiring periodicity for the
functions Φ(x) in (16), Φ(x+1) = Φ(x), which strongly restricts the space of test functions.
But such a requirement is natural because after the action of the intertwining operator M,
we always obtain meromorphic functions of the variable Z.
3. Contiguous relations for the intertwining operator
Contiguous (or recurrence) relations connect special functions with different parameter
values to each other [1]. The first contiguous relation for elliptic hypergeometric integrals
was already constructed in [22]. Such relations can also be formulated for integral operators,
and we want to do this here for the intertwining operator M(g).
The recurrence relation of interest for operator (16) has the form [5]
eπiη
R(τ)
·
eπi
z2
η
θ1(2z)
[
θ¯k(z + g + η) e
η∂z − θ¯k(z − g − η) e
−η∂z
]
e−πi
z2
η M(g) = M(g + η) θ¯k(z) , (21)
where θ¯k(z) = θk(z|
τ
2
), k = 3, 4. Here, R(τ) is the constant defined in (6). In the right-hand
sides of equality (21) and other expressions below, we use the variable z and assume that it
is an “internal” variable, i.e., it plays the role of x in the action of integral operator (16).
The given relation can be written as the equality
Ak(g)M(g) = M(g + η) θ¯k(z) , (22)
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where Ak(g) is the difference operator
Ak(g) =
eπiη
R(τ)
eπi
z2
η
1
θ1(2z)
[
θ¯k(z + g + η) e
η∂z − θ¯k(z − g − η) e
−η∂z
]
e−πi
z2
η . (23)
To prove the operator identity (21), we note that it is equivalent to the equation for the
integrand of the intertwining operator
eπi
z2
η
1
θ1(2z)
[
θ¯k(z + g + η) e
η∂z − θ¯k(z − g − η) e
−η∂z
]
e−πi
z2
η
Γ(±z ± x− g)
Γ(−2g,±2x)
=
= R(τ) e−πiη ·
Γ(±z ± x− g − η)
Γ(−2g − 2η,±2x)
θ¯k(x) . (24)
The proof of this relation is based on two key formulas
Γ(z + 2η) = R(τ) eπiz θ1(z) Γ(z) , (25)
2 θ1(x± y) := 2 θ1(x+ y) θ1(x− y) = θ¯4(x) θ¯3(y)− θ¯4(y) θ¯3(x) . (26)
We have the equalities
eπi
z2
η eη∂z e−πi
z2
η Γ(±z ± x− g) = R2(τ) e−3πiη−2πig θ1(z − η − g ± x) Γ(±z ± x− g − η) ,
eπi
z2
η e−η∂z e−πi
z2
η Γ(±z ± x− g) = R2(τ) e−3πiη−2πig θ1(z + η + g ± x) Γ(±z ± x− g − η) ,
and therefore
eπi
z2
η
1
θ1(2z)
[
θ¯k(z + g + η) e
η∂z − θ¯k(z − g − η) e
−η∂z
]
e−πi
z2
η Γ(±z ± x− g) =
= R2(τ) e−3πiη−2πig ·
1
θ1(2z)
Γ(±z ± x− g − η) ·
·
[
θ¯k(z + g + η) θ1(z − η − g ± x)− θ¯k(z − g − η) θ1(z + η + g ± x)
]
=
= R2(τ) e−3πiη−2πig · Γ(±z ± x− g − η) θ1(−2g − 2η) θ¯k(x) .
In the last line, we use the equality
θ¯k(z + g + η) θ1(z − η − g ± x)− θ¯k(z − g − η) θ1(z + η + g ± x) =
= θ1(2z) θ1(−2g − 2η) θ¯k(x) , (27)
which is derived using relation (26) twice. At the final step, we apply the equality
θ1(−2g − 2η)
Γ(−2g)
=
R−1(τ) e2πi(g+η)
Γ(−2g − 2η)
and obtain identity (24).
We suppose that the parameter g satisfies the constraints ensuring that inversion relation
(18) is satisfied. We can then easily obtain another recurrence relation:
θ¯k(z)M(g + η) = M(g)
eπiη
R(τ)
eπi
z2
η
θ1(2z)
[
θ¯k(z − g) e
η∂z − θ¯k(z + g) e
−η∂z
]
e−πi
z2
η . (28)
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Indeed, multiplying equality (22) by the operator M−1(g + η), we obtain
M−1(g + η) Ak(g) = θ¯k(z)M
−1(g) or M(−g − η) Ak(g) = θ¯k(z)M(−g).
Changing the sign of g and shifting g by η we obtain
M(g) Ak(−g − η) = θ¯k(z)M(g + η), (29)
which coincides with (28). But relation (28) can be derived without using the inversion
relation under some mild restrictions on the test function space. Indeed, operator relation
(29) acting on a function Φ(x) has the explicit form∫ 1
0
Γ(±z ± x− g)
R(τ)θ1(2x)Γ(±2x)
(
θ¯k(x− g)e
−2πixΦ(x+ η)− θ¯k(x+ g)e
2πixΦ(x− η)
)
dx =
=
Γ(−2g)
Γ(−2g − 2η)
θ¯k(z)
∫ 1
0
Γ(±z ± x− g − η)
Γ(±2x)
Φ(x)dx. (30)
We now suppose that the function Φ(x) is periodic, Φ(x + 1) = Φ(x), and that the
integrands in the left-hand side of (30) have no simple poles in the parallelogram [−η, η, 1+
η, 1 − η]. This condition means that the integrands in the left-hand side of (30) should be
meromorphic functions of X = e2πix without simple poles in the annulus |q|1/2 ≤ |X| ≤
|q|−1/2 for the values of Z of interest, including the set |Z| = 1 for which the sequential
action of intertwining operators is defined. Under this restriction, we can replace Φ(x ± η)
in the above equation with Φ(x) after appropriate shifts of the arguments in integrands and
reduce the integrations to integrations over the interval [0, 1]. Because Φ(x) is an arbitrary
function, we obtain the equation
Γ(±z ± (x− η)− g,±2x)
Γ(±z ± x− g,±2(x− η))
e2πi(η−x)
R(τ)θ1(2x− 2η)
θ¯k(x− g − η)
−
Γ(±z ± (x+ η)− g,±2x)
Γ(±z ± x− g,±2(x+ η))
e2πi(η+x)
R(τ)θ1(2x+ 2η)
θ¯k(x+ g + η) =
Γ(−2g)
Γ(−2g − 2η)
θ¯k(z)
for the integrands. Appropriately simplifying the elliptic gamma function ratios, we obtain
precisely identity (27). Hence, second operator contiguous relation (see (29)) holds under
milder conditions than are necessary for inversion relation (18) to hold.
4. The intertwining operator for two-index discrete lattices g = nη +m τ
2
and g = 1
2
+ nη +m τ
2
with n,m ∈ Z≥0
Contiguous relations for the intertwining operator lead to particular factored forms of
M(g) at special integer-valued points of the spin lattice g = nη +m τ
2
and g = 1
2
+ nη +m τ
2
,
where n,m ∈ Z≥0.
We can repeat the above considerations with the change 2η ⇄ τ and obtain two types of
the recurrence relations (k = 3, 4)
Ak(g)M(g) = M(g + η) θk
(
z| τ
2
)
, Bk(g)M(g) = M
(
g + τ
2
)
θk (z|η) , (31)
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where Ak(g) and Bk(g) are the difference operators
Ak(g) = e
πi z
2
η
cA
θ1(2z|τ)
[
θk
(
z + g + η| τ
2
)
eη∂z − θk
(
z − g − η| τ
2
)
e−η∂z
]
e−πi
z2
η ,
Bk(g) = e
2πi z
2
τ
cB
θ1(2z|2η)
[
θk
(
z + g + τ
2
|η
)
e
τ
2
∂z − θk
(
z − g − τ
2
|η
)
e−
τ
2
∂z
]
e−2πi
z2
τ
and
cA =
eπiη
R(τ)
, cB =
eπi
τ
2
R(2η)
.
Using the initial condition M(0) = 1l, which is proved by simple residue calculus [9], we
can solve the recurrence relations and obtain
M(k)(nη) = Ak(nη − η) · · ·Ak(η)Ak(0) · θ
−n
k
(
z| τ
2
)
,
M(k)
(
m τ
2
)
= Bk
(
m τ
2
− τ
2
)
· · ·Bk
(
τ
2
)
Bk(0) · θ
−m
k (z|η) .
Although the form of the intertwining operator should be independent of k, M(k)(g) ≡ M(g),
we introduced an additional upper index k in order to indicate a possible dependence on it.
The derived expressions are particular cases of the general operator M(k)
(
nη +m τ
2
)
. But
they are used as building blocks for constructing this general operator. We first transform
these factored operators to finite sums with explicit coefficients. As an illustration, we
consider two simple examples:
e−πi
z2
η M(k)(η) eπi
z2
η =
cA
θ1(2z)
[
θk(z + η|
τ
2
) eη∂z − θk(z − η|
τ
2
) e−η∂z
]
θ−1k
(
z| τ
2
)
=
=
cA
θ1(2z)
[
eη∂z − e−η∂z
]
, (32)
e−πi
z2
η M(k)(2η) eπi
z2
η =
c2A
θ1(2z)
[
θk(z + 2η|
τ
2
) eη∂z − θk(z − 2η|
τ
2
) e−η∂z
]
·
·
1
θ1(2z)
[
eη∂z − e−η∂z
]
θ−1k
(
z| τ
2
)
.
Expanding the latter expression we obtain a sum of four finite-difference operators, which
can be transformed to the form
e−πi
z2
η M(k)(2η) eπi
z2
η =
c2A
θ1(2z − 2η)θ1(2z)θ1(2z + 2η)
·
·
[
θ1(2z − 2η) e
2η∂z −
θ1(4η)
θ1(2η)
θ1(2z) + θ1(2z + 2η) e
−2η∂z
]
using identity (26). In these examples, we can drop the index k in the notation M(k)(nη)
because the result is independent of k, as expected.
Take the general ansatz for the intertwining operator,
e−πi
z2
η M(nη) eπi
z2
η =
n∑
ℓ=0
(−1)ℓ α
(n)
ℓ (z) e
(n−2ℓ)η∂z ,
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and substitute it in the equality M((n+1)η) = Ak(nη)M(nη)θk(z|
τ
2
)−1. For ℓ = 1, . . . , n this
yields the recurrence relations
α
(n+1)
ℓ (z) =
cA
θ1(2z|τ)
·
θk(z + (n + 1)η|
τ
2
)α
(n)
ℓ (z + η) + θk(z − (n + 1)η|
τ
2
)α
(n)
ℓ−1(z − η)
θk(z + (n+ 1− 2ℓ)η|
τ
2
)
. (33)
For ℓ = 0 and ℓ = n+ 1, we have
α
(n+1)
0 (z) =
cA
θ1(2z|τ)
α
(n)
0 (z + η), α
(n+1)
n+1 (z) =
cA
θ1(2z|τ)
α(n)n (z − η).
Because α
(0)
0 (z) = 1, we obtain
α
(n)
0 (z) =
cnA∏n−1
k=0 θ1(2z + 2ηk|τ)
, α(n)n (z) =
cnA∏n−1
k=0 θ1(2z − 2ηk|τ)
.
These boundary values for α
(n)
ℓ (z) uniquely fix the solution of recurrence relation (33), which
can be found by induction:
α
(n)
ℓ (z) = c
n
A ·
[
n
ℓ
]
τ,2η
·
θ1(2z + 2η(n− 2ℓ) |τ)∏n
j=0 θ1(2z − 2η(ℓ− j) |τ)
, (34)[
n
ℓ
]
τ,2η
=
∏n
j=1 θ1(2ηj |τ)∏ℓ
j=1 θ1(2ηj |τ) ·
∏n−ℓ
j=1 θ1(2ηj |τ)
.
In the expression for α
(n)
ℓ (z), we extract the elliptic binomial coefficient
[
n
ℓ
]
τ,2η
, which is
independent of z, and explicitly write the remaining z-depended part. The discrete inter-
twining operator M(nη) was first obtained in [29] in this form. As we see, indeed, the general
result has no k-index dependence, which is present in the recurrence relation for α
(n)
ℓ (z).
A similar expression for the operator M
(
m τ
2
)
is obtained by a simple permutation cA ⇄
cB, n⇄ m, and τ ⇄ 2η:
e−2πi
z2
τ M
(
m τ
2
)
e2πi
z2
τ =
m∑
ℓ=0
(−1)ℓ β
(m)
ℓ (z) e
(m−2ℓ) τ
2
∂z ,
where
β
(m)
ℓ (z) = c
m
B ·
[
m
ℓ
]
2η,τ
·
θ1(2z + τ(m− 2ℓ) |2η)∏m
j=0 θ1(2z − τ(ℓ− j) |2η)
, (35)[
m
ℓ
]
2η,τ
=
∏m
j=1 θ1(τj |2η)∏ℓ
j=1 θ1(τj |2η) ·
∏m−ℓ
j=1 θ1(τj |2η)
.
We now describe the general case. It is easy to derive the representation
M(k)
(
nη +m τ
2
)
= Ak(nη − η +m
τ
2
) · · ·Ak(η +m
τ
2
)Ak(m
τ
2
) ·
· Bk
(
m τ
2
− τ
2
)
· · ·Bk
(
τ
2
)
Bk(0) · θ
−m
k (z|η) θ
−n
k
(
z| τ
2
)
. (36)
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Of course, there are many equivalent ways to represent M(k)
(
nη +m τ
2
)
as a product of Ak
and Bk operators, and we have described only one of them.
We can consider the lattice g = 1
2
+ nη + m τ
2
analogously. We must use the fact that
M(1
2
) = P , where P = e
1
2
∂z is the operator of shifting z by 1/2 [9]. Because we work in the
space of functions that are meromorphic in w = e2πiz, the half period shifting is equivalent
to the parity transformation, Pw = −w. Repeating the previous procedure once more in
this setting, we obtain
M(k)
(
nη +m τ
2
+ 1
2
)
= Ak(nη − η +m
τ
2
+ 1
2
) · · ·Ak(η +m
τ
2
+ 1
2
)Ak(m
τ
2
+ 1
2
) ·
· Bk
(
m τ
2
− τ
2
+ 1
2
)
· · ·Bk
(
τ
2
+ 1
2
)
Bk(
1
2
) · θ−mk
(
z + 1
2
|η
)
θ−nk
(
z + 1
2
| τ
2
)
P . (37)
Because θ3(z ±
1
2
) = θ4(z), we see that
A3,4(g +
1
2
) = A4,3(g), B3,4(g +
1
2
) = B4,3(g).
Therefore, the intertwining operator for the second lattice is obtained from the first simply
by exchanging θ3 and θ4 and multiplying by P from the right:
M(3,4)
(
nη +m τ
2
+ 1
2
)
= M(4,3)
(
nη +m τ
2
)
P. (38)
5. A finite-dimensional invariant space of the elliptic modular double
The irreducible representation of the Sklyanin algebra for g = nη at (half)-integer spin
ℓ = n−1
2
, n ∈ Z>0, is n-dimensional and can be realized in the space Θ
+
2n−2(z|τ) consisting of
even theta functions of z of order 2n− 2 with the quasiperiods 1 and τ [21]. Let
W(g) = e−πiz
2/η M(g) eπiz
2/η.
From the factored representation of the operator W(ηn), we see that its action annihilates
the Θ+2n−2(z|τ) space elements. We demonstrate this fact using the recurrence relations.
The function θ2k(z|τ) for any k = 1, . . . , 4 is an even theta function of the second order. We
fix two indices k1 and k2, k1 6= k2, and set e1 := θ
2
k1
(z|τ) and e2 = θ
2
k2
(z|τ). All monomials
of these building blocks ek1 e
N−k
2 , k = 0, . . . , N , are even theta functions of order 2N . They
are linearly independent, i.e., the equality
∑N
k=0 cke
k
1(z) e
N−k
2 (z) = 0 is satisfied only for
ck = 0 (to verify this, we must sequentially set z equal to a root of the equation θk1(z|τ) = 0
or θk2(z|τ) = 0 after taking an appropriate number of derivatives with respect to z). The
number of such monomials yields the dimension of the space of even theta functions of order
2N , and these monomials therefore form a basis of Θ+2N (z|τ).
Using the formulas
2 θ1(x+ y) θ1(x− y) = θ¯4(x) θ¯3(y)− θ¯4(y) θ¯3(x),
2 θ2(x+ y) θ2(x− y) = θ¯3(x) θ¯3(y)− θ¯4(y) θ¯4(x),
2 θ3(x+ y) θ3(x− y) = θ¯3(x) θ¯3(y) + θ¯4(y) θ¯4(x), (39)
2 θ4(x+ y) θ4(x− y) = θ¯4(x) θ¯3(y) + θ¯4(y) θ¯3(x),
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we can express any square θ2k(z|τ) as a linear combination of θ¯3(z) and θ¯4(z). Therefore, the
set of n functions [
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
, j = 0, 1, . . . , n− 1,
forms a basis in the space Θ+2n−2(z|τ). We note that these functions can be multiplied by an
arbitrary even theta function eαz
2
, α ∈ C, of zeroth order because the results are even theta
functions as before with some quasiperiodicity exponential multipliers appearing after the
shifts of z by 1 and τ . The value of the parameter α fixing a concrete form of the invariant
space of theta functions depends on the realization of the Sklyanin algebra generators. The
standard form of generators suggested in [21] corresponds to the choice α = 0.
Applying the recurrence relation n− 1 times and taking the relation
W(η) · 1 =
cA
θ1(2z)
[
eη∂z − e−η∂z
]
· 1 = 0 (40)
into account (here 1 can be replaced by an arbitrary 2η-periodic function), for n > 0, we
obtain
W(ηn) ·
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
= 0 .
Hence, zero modes of the operator M(nη) for n > 0 have the form
M(nη) · φj(z)ψj(z) = 0, φj(z) := e
πiz2/η
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
,
where j = 0, 1, . . . , n− 1 and ψj(z) is an arbitrary periodic function, ψj(z + 2η) = ψj(z).
The usual basis of a finite-dimensional representation of the Sklyanin algebra at (half-
)integer values of the spin ℓ does not contain the exponential multiplier eπiz
2/η. This multi-
plier emerged because of the non-standard form of the Sklyanin algebra generators (11) we
use, and it does not change the space Θ+2n−2, being an even theta function of zeroth order.
But we note that it is not analytic in the variable e2πiz, which contrasts with the analytical
structure of the intertwining operator M(g).
We consider the invariance of the described space of zero modes under the action of
generators of the elliptic modular double. For Sa(nη), we have
Sa(nη)φj(z)ψj(z) = ψj(z + η)e
πi z
2
η
iδa,2θa+1(η|τ)
θ1(2z|τ)
·
·
[
θa+1 (2z − nη + η|τ) e
η∂z − θa+1 (−2z − nη + η|τ) e
−η∂z
][
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
.
It is easy to see that the action of the finite-difference operator in the right-hand side leads
to theta functions of the order 2n − 2 (for this, it suffices to verify the holomorphicity
of this function and its double quasiperiodicity). Therefore, for a fixed function ψj(z) =
ψ(x) satisfying the half (anti)periodicity condition ψ(z + η) = ±ψ(z), we obtain a finite-
dimensional invariant space for the usual Sklyanin algebra found in [21]. But this space is
not invariant under the action of generators of the modular pair S˜a. Indeed, we have
S˜a(nη)φj(z)ψ(z) = (−1)
n−1−jeπi(
τ2
4η
−n τ
2
)φj(z)i
δa,2θa+1(
τ
2
|2η)Daψ(z),
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where
Da = fa(z)e
τ
2
∂z + fa(−z)e
−
τ
2
∂z (41)
and
fa(z) :=
eπi(
τ
η
−2n)zθa+1
(
2z − nη + τ
2
|2η
)
θ1(2z|2η)
.
Hence, we obtain an invariant space if ψ(z) is an eigenfunction of all four operators Da
simultaneously, Daψ(z) = λaψ(z), which is impossible. Indeed, we have f0,3(z+ η) = f0,3(z)
and f1,2(z + η) = −f1,2(z). Because ψ(z + η) = ±ψ(z), we conclude that λ1,2 = 0, whence
we obtain a contradiction:
ψ(z + τ
2
)
ψ(z − τ
2
)
= −
f2(−z)
f2(z)
= −
f1(−z)
f1(z)
.
We now choose the 2η-periodic functions mentioned above in the form
ψj(z) =
e−πiz
2/ηψ(z)
θ(q−1/4Z±1; q)
, θ(tZ±1; q) := θ(tZ; q)θ(tZ−1; q),
and obtain
M(nη)ϕ
(n)
j (z)ψ(z) = 0, ϕ
(n)
j (z) :=
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
θ(q−1/4Z±1; q)
, j = 0, . . . , n− 1. (42)
In the first case, zero modes are holomorphic in z but they are not analytic functions of
Z. Functions (42) are meromorphic in Z, i.e., they have a qualitatively different analytic
nature. Requiring analyticity in Z leads to reducing the gauge freedom: for an arbitrary
multiplier ψ(z) = ψ(z + 2η), we now have an additional constraint ψ(z + 1) = ψ(z). This
means that ϕ
(n)
j (z) can be multiplied by an elliptic function χ(Z) such that χ(qZ) = χ(Z).
We consider the invariance of the described space of zero modes. We have
Sa(nη)ϕ
(n)
j (z)χ(Z) = −
χ(q1/2Z)
θ(q−1/4Z±1; q)
iδa,2θa+1(η|τ)
θ1(2z|τ)
·
·
[
θa+1 (2z − nη + η|τ) e
η∂z − θa+1 (−2z − nη + η|τ) e
−η∂z
][
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
.
The action of the finite-difference operator in the right-hand side remains in the space
Θ+2n−2(z|τ). We therefore have an invariant space if χ(q
1/2Z) = ±χ(Z).
The action of the operators S˜a(nη) has the form
S˜a(nη)ϕ
(n)
j (z)χ(Z) = (−1)
n−1−je−πin
τ
2ϕ
(n)
j (z) i
δa,2θa+1(
τ
2
|2η)Daχ(Z)
where Da is given by formula (41) and in this case
fa(z) := e
−2πinz θa+1
(
2z − nη + τ
2
|2η
)
θ(q−1/4Z±1; q)
θ1(2z|2η)θ(q−1/4(p1/2Z)±1; q)
.
As above, f0,3(z + η) = f0,3(z) and f1,2(z + η) = −f1,2(z). Correspondingly, there is no
function χ(Z) that would be a simultaneous eigenfunction of four operators Da.
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Therefore, for the spin values g = nη, 1
2
+nη,m τ
2
, and 1
2
+m τ
2
, we obtain finite-dimensional
invariant spaces only for one of the Sklyanin algebras in the elliptic modular double.
We now consider other discrete values of the spin g. Using relations (31), we can write
M(nη + τ
2
) = Bk(nη)M(nη)θ
−1
k (z|η).
We move the factor θ−1k (z|η) to the left using its quasiperiodicity and the explicit expression
for M(nη) and obtain
M(nη + τ
2
) = B˜(nη)W(nη),
where
B˜(nη) = e2πi
z2
τ
cB(−1)
nδk,4
θ1(2z|2η)
[
θk
(
z + nη + τ
2
|η
)
θk
(
z + τ
2
|η
) e τ2 ∂z − θk (z − nη − τ2 |η)
θk
(
z − τ
2
|η
) e− τ2 ∂z] e−2πi z2τ .
It is easy to see that the ratio of theta functions in the operator B˜ can be simplified and
that B˜ is proportional to eτ∂z/2 − e−τ∂z/2 conjugated with exponential multipliers. Hence,
M(nη + τ
2
) ·
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
= 0 , j = 0, 1, . . . , n− 1, n > 0,
i.e., the same functions as before but without the additional (exponential or theta functional)
factor form zero modes of the more complicated operator M(nη + τ
2
). For n = 0, we have
W(0) = 1l, and the zero mode of M( τ
2
) is therefore determined by the factor B˜(0), and
the requirement of analyticity in Z obviously leads to the function χ(Z)/θ(p−1/4Z±1; p),
χ(pZ) = χ(Z).
In the same way, permuting the parameters τ and 2η, we find
M
(
m τ
2
)
· e2πiz
2/τ [θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ ψ(z) = 0 , m > 0 , ψ(z + τ
2
) = ±ψ(z),
where ℓ = 0, 1, · · · , m− 1, m > 0, or
M
(
m τ
2
)
·
[θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ
θ(p−1/4Z±1; p)
χ(Z) = 0 , χ(p1/2Z) = ±χ(Z).
For M
(
m τ
2
+ η
)
, we obtain
M
(
m τ
2
+ η
)
· [θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ = 0 , ℓ = 0, 1, . . . , m− 1, m > 0.
As is shown below, the set of nm functions
ϕ
(n,m)
j,ℓ (z) :=
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
· [θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ , n,m > 0, (43)
is annihilated by the operator M
(
nη +m τ
2
)
,
M
(
nη +m τ
2
)
· ϕ
(n,m)
j,ℓ (z) = 0 , n,m > 0. (44)
We can multiply ϕ
(n,m)
j,ℓ (z) by arbitrary periodic functions with either the period 2η or τ ,
and they are still zero modes of M
(
nη +m τ
2
)
.
The operator M(1
2
+ nη + m τ
2
) has analogous properties because the shift of z by 1/2
simply permutes θ3(z) and θ4(z), i.e., we have a basis shuffle,
M
(
1
2
+ nη +m τ
2
)
· ϕ
(n,m)
n−1−j,m−1−ℓ(z) = 0 , n,m > 0.
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The intertwining operator kernel forms an invariant space under the action of the Sklyanin
algebra generators. But we treat only a finite-dimensional subspace of this kernel. We must
therefore verify that it is invariant. For this, we apply the operators Sa(nη + mτ/2) to
ϕ
(n,m)
j,ℓ (z). Because the functions θ3,4 (z|η) are quasiperiodic under the shifts of z by η, we
have
Sa(nη +mτ/2)ϕ
(n,m)
j,ℓ (z) = (−1)
m−1−ℓe−πimη [θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ i
δa,2θa+1(η|τ)
θ1(2z|τ)
·
·
[
e−2πimzθa+1 (2z − nη −mτ/2 + η|τ) e
η∂z −
−e2πimzθa+1 (−2z − nη −mτ/2 + η|τ) e
−η∂z
][
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
.
Let the integer m be even. In the arguments of the theta functions θa+1, there are then
shifts by integer multiples of τ . Using the qusiperiodicity of θa+1, we obtain
Sa(nη +mτ/2)ϕ
(n,m)
j,ℓ (z) = µa e
−πimnη−πim2τ/4 [θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ i
δa,2θa+1(η|τ)
θ1(2z|τ)
·
·
[
θa+1 (2z − nη + η|τ) e
η∂z − θa+1 (−2z − nη + η|τ) e
−η∂z
][
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
,
where µa = (−1)
m/2+ℓ+1 for a = 0, 3 and µa = (−1)
ℓ+1 for a = 1, 2. It can be seen that the
right-hand side contains the standard Sklyanin algebra generators with g = nη acting in the
space Θ+2n−2(z|τ), and we obtain the invariance of the space of functions ϕ
(n,m)
j,ℓ (z) under the
action of the generators Sa(nη +mτ/2). Permuting η and τ/2 and also n and m, we also
obtain the same statement for the generators S˜a(nη +mτ/2).
Now let the integer m be odd. Using the quasiperiodicity of the functions θa under shifts
of the argument by τ(m+ 1)/2, we then obtain
Sa(nη +mτ/2)ϕ
(n,m)
j,ℓ (z) = µa e
−πi(mn+n−1)η−πi(m+1)τ/2−πi(m+1)2τ/4 ·
· [θ3 (z|η)]
ℓ [θ4 (z|η)]
m−1−ℓ i
δa,2θa+1(η|τ)
θ1(2z|τ)
[
e2πizθa+1
(
2z − nη + η + τ
2
|τ
)
eη∂z −
−e−2πizθa+1
(
−2z − nη + η + τ
2
|τ
)
e−η∂z
][
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
,
where µa = (−1)
(m+1)/2+ℓ for a = 0, 3 and µa = (−1)
ℓ for a = 1, 2. Because
eπizθ1,2,3,4(z +
τ
2
|τ) ∝ θ4,3,2,1(z|τ),
we have a permutation of the action of the standard Sklyanin algebra generators S0,1,2,3 →
S2,3,1,0 in the right-hand side up to some constant factors, and we obtain the invariance of
the space of functions ϕ
(n,m)
j,ℓ (z) for odd m.
For n,m > 0, we have thus described a finite-dimensional (more precisely, nm-dimensional)
invariant subspace for the Sklyanin algebra, which was partially characterized in [9]. In it,
we also realize a finite-dimensional representation of the elliptic modular double. For m = 0
or n = 0, we have a finite-dimensional (n- or m-dimensional) representation for only one
of the Sklyanin subalgebras in the double. The observation that the Sklyanin algebra has
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finite-dimensional representation not only for the spin values g = nη but also for the integer
lattices nη+m τ
2
and nη+m τ
2
+ 1
2
with n,m > 0 is a more or less obvious consequence of the
modular doubling suggested in [25] because there exists an involution permuting Sklyanin
subalgebras. This fact was also noted in [17].
We stress that the elliptic modular double uniquely fixes the constructed finite-dimensional
space. If we multiply the functions indicated above by a periodic function ψ(z) with the
period η or τ/2, then the condition of invariance under the action of double generators and
the requirement of the analyticity in the variable e2πiz lead to the constraints ψ(z + η) =
ψ(z + τ/2) = ψ(z + 1) = ψ(z). Because 2η, τ , and 1 are incommensurable, we obtain
ψ(z) = const.
6. A nonfactored form of the intertwining operator
We now transform general expression (36) to a “normal ordered” form. Using relations
(7), we can easily show that
Ak(g +m
τ
2
) = (−1)mδk,4 e−
πiτ
2
m2−2πim(g+η)+πimη · e
piim
η
z2 Ak(g) e
−piim
η
z2 ,
and therefore
Ak(nη − η +m
τ
2
) · · ·Ak(η +m
τ
2
)Ak(m
τ
2
) =
= (−1)mnδk,4 e−
πiτ
2
m2n−πiη n2m · e
piim
η
z2 Ak(nη − η) · · ·Ak(η)Ak(0) e
−piim
η
z2 .
We can now single out the operators M (nη) and M
(
m τ
2
)
in M
(
nη +m τ
2
)
,
M
(
nη +m τ
2
)
= (−1)mnδk,4 e−
πiτ
2
m2n−πiη n2m ·
· e
piim
η
z2 M(nη) e−
piim
η
z2 · θnk
(
z| τ
2
)
M
(
m τ
2
)
θ−nk
(
z| τ
2
)
.
Using the quasiperiodicity properties of the functions θ−nk
(
z| τ
2
)
, we can show that
θnk
(
z| τ
2
)
M
(
m τ
2
)
θ−nk
(
z| τ
2
)
= (−1)mnδk,4e−2πinz
2/τM
(
m τ
2
)
e2πinz
2/τ . (45)
Substituting this equality in the preceding relation, we obtain
M
(
nη +m τ
2
)
= e−
πiτ
2
m2n−πiη n2me
piim
η
z2 M(nη) e−πim
z2
η
−2πin z
2
τ M
(
m τ
2
)
e2πin
z2
τ = (46)
= e−
πiτ
2
m2n−πiη n2me
2piin
τ
z2 M(m τ
2
) e−πim
z2
η
−2πin z
2
τ M(nη) eπim
z2
η ,
where the second relation is obtained from the first by a simple permutation of n and η with
m and τ/2.
Using the recurrence relations, we can now easily prove the equality (44). For this, we
consider the action of M
(
m τ
2
)
e2πin
z2
τ , the far right factor in M
(
nη +m τ
2
)
given by (46), on
ϕ
(n,m)
j,ℓ (z),
M
(
m τ
2
)
e2πin
z2
τ ϕ
(n,m)
j,ℓ (z) = B3((m− 1)
τ
2
) · · ·B3((m− ℓ)
τ
2
) ·
· B4((m− ℓ− 1)
τ
2
) · · ·B4(
τ
2
)M( τ
2
) e2πin
z2
τ
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
,
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where we use the second recurrence relation in (31). Using the explicit form of the M( τ
2
),
arising in the far right position, we obtain
M( τ
2
) e2πin
z2
τ
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
=
cB
θ1(2z|2η)
e2πi
z2
τ ·
·
(
e
τ
2
∂z − e−
τ
2
∂z
)
e2πi(n−1)
z2
τ
[
θ3
(
z| τ
2
)]j [
θ4
(
z| τ
2
)]n−1−j
= 0,
i.e., indeed the functions ϕ
(n,m)
j,ℓ (z) define zero modes of the operator M
(
nη +m τ
2
)
. Moreover,
we can multiply ϕ
(n,m)
j,ℓ (z) by arbitrary periodic functions ψ(z+2η) = ψ(z) or ψ(z+τ) = ψ(z)
and still have zero modes of M
(
nη +m τ
2
)
.
We consider the effect of similarity transformations for both operators in (46) in the
nonfactored form. The necessary formulas are
e
pii(m+1)
η
z2 e(n−2k)η∂z e−
pii(m+1)
η
z2 = e−2πiz (m+1)(n−2k) e−πiη (m+1)(n−2k)
2
e(n−2k)η∂z ,
e−
2pii(n−1)
τ
z2 e(m−2ℓ)
τ
2
∂z e
2pii(n−1)
τ
z2 = e2πiz (n−1)(m−2ℓ) eπi
τ
2
(n−1)(m−2ℓ)2 e(m−2ℓ)
τ
2
∂z .
We can now write
M
(
nη +m τ
2
)
= e−
πiτ
2
m2n−πiη n2m · M(nη) · M
′ (
m τ
2
)
,
where the transformed operators are
M(nη) =
n∑
j=0
(−1)j α
(n)
j (z) e
−2πiz (m+1)(n−2j) e−πiη (m+1)(n−2j)
2
e(n−2j)η∂z ,
M
′ (
m τ
2
)
=
m∑
ℓ=0
(−1)ℓ β
(m)
ℓ (z) e
2πiz (n−1)(m−2ℓ) e
piiτ
2
(n−1)(m−2ℓ)2 e(m−2ℓ)
τ
2
∂z .
We move all shift operators to the right and obtain
M
(
nη +m τ
2
)
= e−
πiτ
2
m2n−πiη n2m ·
n∑
k=0
(−1)k α
(n)
k (z) e
−2πiz (m+1)(n−2k) ·
· e−πiη (m+1)(n−2k)
2
·
m∑
ℓ=0
(−1)ℓ β
(m)
ℓ (z + η(n− 2k)) ·
· e2πi(z+η(n−2k)) (n−1)(m−2ℓ) · e
piiτ
2
(n−1)(m−2ℓ)2 e(n−2k)η∂z e(m−2ℓ)
τ
2
∂z .
Using formulas (7) and the explicit expression for the coefficients β(m), we obtain
β
(m)
ℓ (z + η(n− 2k)) = (−1)
nm e4πizm(n−2k) e2πiηm(n−2k)
2
eπiτ (m−1)(m−2ℓ)(n−2k) β
(m)
ℓ (z) .
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Collecting all together, we obtain our operator in the normal ordered form:
M
(
nη +m τ
2
)
= (−1)nm e−
πiτ
2
m2n−πiη n2m ·
n∑
k=0
(−1)k α
(n)
k (z) ·
·
m∑
ℓ=0
(−1)ℓ β
(m)
ℓ (z) e
(n−1)(m−2ℓ)[ piiτ2 (m−2ℓ)+2πi(z+(n−2k)η) ] ·
· e(m−1)(n−2k)[πiη (n−2k)+2πi(z+(m−2ℓ)
τ
2 ) ] · e[(n−2k)η+(m−2ℓ)
τ
2 ]∂z , (47)
where we arrange the phase factors in the form resembling the transformation laws for theta
functions of a definite level under a shift by the period.
For the lattice g = nη +m τ
2
+ 1
2
, we have
M
(
nη +m τ
2
+ 1
2
)
= M
(
nη +m τ
2
)
P,
because the operators M(k) in relation (38) are independent of k.
7. A complete factorization of the intertwining operator on theta
functions
We apply the derived intertwined operators to the functions with special transformation
properties under the shifts on periods τ and 2η. We consider the product FN (z)GM(z),
where the functions FN (z) and GM(z) are transformed as (here a, b ∈ Z)
FN(z + τa) = e
−2Na [πiτ a+2πiz ] FN (z) , GM(z + 2ηb) = e
−4Mb [πiη b+πiz ]GM(z) .
We write all phase factors in a form close to the phases in (47). For holomorphic functions,
FN(z) are theta functions of modulus τ and have the order 2N , while GM(z) are theta
functions of modulus 2η and have the order 2M .
We introduce the parameters α = 0,±1 and β = 0,±1 such that n − α and m − β are
always even integers. This means that α = 0 for even n and α = ±1 for odd n. Analogously,
β = 0 for even m and β = ±1 for odd m. We can now single out the full period shifts and
obtain
FN
(
z + β τ
2
+ (n− 2k)η + (m− β − 2ℓ) τ
2
)
GM
(
z + αη + (n− α− 2k)η + (m− 2ℓ) τ
2
)
=
= e−N(m−β−2ℓ)[
piiτ
2
(m−2ℓ)+2πi(z+β τ2+(n−2k)η) ] ·
· e−M(n−α−2k)[πiη (n−α−2k)+2πi(z+αη+(m−2ℓ)
τ
2 ) ] ·
· FN
(
z + β τ
2
+ (n− 2k)η
)
GM
(
z + αη + (m− 2ℓ) τ
2
)
.
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Choosing N = n− 1 and M = m− 1, we see an almost complete cancellation of the phase
factors:
M
(
nη +m τ
2
)
Fn−1(z)Gm−1(z) = (−1)
nm e−
πiτ
2
m2n−πiη n2m · (48)
· e
piiτ
2
β2 (n−1) e2πiη β (n−1)n · e2πiβ (n−1) z ·
[
n∑
k=0
(−1)k α
(n)
k (z) · e
−4πiη β (n−1)k ·
· Fn−1
(
z + β τ
2
+ (n− 2k)η
) ]
·
· eπiηα
2 (m−1) eπiτ α (m−1)m · e2πiα (m−1) z ·
[
m∑
ℓ=0
(−1)ℓ β
(m)
ℓ (z) · e
−2πiτ α (m−1)ℓ ·
·Gm−1
(
z + αη + (m− 2ℓ) τ
2
) ]
.
The choice α = β = 0 corresponds to even n and m, in which case all phase factors are
absent.
We thus see a complete factorization of the intertwining operator, its representation as
a product of two operators acting in different spaces. We note that we have described the
action of M for arbitrary theta functions and zero modes of M(nη+mτ/2), as shown above,
single out the spaces Θ+2n−2(z|τ) for Fn−1 and Θ
+
2m−2(z|2η) for Gm−1.
We pass to the multiplicative notation, which is more compact and convenient for analytic
reasons [9]. We first recall that
p = e2πiτ , q = e4πiη, θ1(z|τ) =
e−πizθ
(
e2πiz; p
)
R(τ)
.
Substituting the last relation in the definition of the elliptic binomial coefficients, we see
that all coefficients R(τ) cancel. Simplifying the resulting expression using the relation
θ(z; p) = −z θ(z−1; p), we find[
n
k
]
τ,2η
= (−1)k q
1
2
k(n+1)
k∏
b=1
θ
(
qb−n−1 ; p
)
θ (qb ; p)
.
In the remaining part of the coefficients α
(n)
k (z), the factors R(τ) also cancel, and we obtain
cnA ·
θ1(2z + 2η(n− 2k) |τ)∏n
j=0 θ1(2z − 2η(k − j) |τ)
= q
n
4 q
1
4
(n−2k)(n−1) e2πinz
θ
(
e4πiz qn−2k ; p
)∏n
j=0 θ (e
4πiz qj−k ; p)
.
Transforming the theta functions to an appropriate form and using the preceding expression
for the elliptic binomial coefficients, we obtain
α
(n)
k (z) =
(−1)k+1 q
n2
4
+n(k+1) e2πi (n+2)z∏n
j=0 θ (e
4πiz qj ; p)
· θ
(
e−4πiz q2k−n ; p
) k∏
b=1
θ
(
e−4πiz qb−n−1 , qb−n−1 ; p
)
θ (e−4πiz qb , qb ; p)
.
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Finally, we give the explicit form of the intertwining operator in the multiplicative nota-
tion:
M
(
nη +m τ
2
)
Fn−1(z)Gm−1(z) = (−1)
nm e2πi z [n+m+4+α (m−1)+β (n−1)] · (49)
·
q
(n2−α2)(1−m)
4
+β
n(n−1)
2
+n∏n
j=0 θ (e
4πiz qj ; p)
·
p
(m2−β2)(1−n)
4
+α
m(m−1)
2
+m∏m
j=0 θ (e
4πiz pj ; q)
·
·
[
n∑
k=0
qkn (1−β)+βk θ
(
e−4πiz q2k−n ; p
) k∏
b=1
θ
(
e−4πiz qb−n−1 , qb−n−1 ; p
)
θ (e−4πiz qb , qb ; p)
·
· Fn−1
(
z + β τ
2
+ (n− 2k)η
) ]
·
·
[
m∑
ℓ=0
pℓm (1−α)+αℓ θ
(
e−4πiz p2ℓ−m ; q
) ℓ∏
b=1
θ
(
e−4πiz pb−m−1 , pb−m−1 ; q
)
θ (e−4πiz pb , pb ; q)
·
· Gm−1
(
z + αη + (m− 2ℓ) τ
2
) ]
.
Choosing α = β = 1 in this formula, we obtain the intertwining operator derived in [9] using
residue calculus (after the change of notation w = e−2πiz, n = 2ℓq + 1, and m = 2ℓp + 1):
M
(
nη +m τ
2
)
Fn−1(z)Gm−1(z) =
(−1)nm e4πi z [n+m+1]q
(n2−1)(1−m)
4
+ (n+1)n
2 p
(m2−1)(1−n)
4
+m(m+1)
2∏n
j=0 θ (e
4πiz qj ; p)
∏m
j=0 θ (e
4πiz pj ; q)
·
·
[
n∑
k=0
qk θ
(
e−4πiz q2k−n ; p
) k∏
b=1
θ
(
e−4πiz qb−n−1 , qb−n−1 ; p
)
θ (e−4πiz qb , qb ; p)
Fn−1
(
z + τ
2
+ (n− 2k)η
) ]
·(50)
·
[
m∑
ℓ=0
pℓ θ
(
e−4πiz p2ℓ−m ; q
) ℓ∏
b=1
θ
(
e−4πiz pb−m−1 , pb−m−1 ; q
)
θ (e−4πiz pb , pb ; q)
Gm−1
(
z + η + (m− 2ℓ) τ
2
) ]
.
As shown above, M
(
nη +m τ
2
+ 1
2
)
= M
(
nη +m τ
2
)
P, and the action of the intertwining
operator in this case therefore has the same form as given above with the shift of z in the
arguments of Fn−1 and Gm−1 functions by 1/2.
8. The intertwining operator on the dual lattice
In more detail, we consider what happens with the inversion relation for intertwining
operator (18) as we approach the lattices g = nη+mτ/2 and g = 1
2
+ nη+mτ/2, n,m ∈ Z.
Intertwining operator (16) is not well defined for g = −nη −mτ/2 and g = 1
2
− nη −mτ/2,
where n,m ∈ Z≥0 except at the points (n,m) = (0, 0), (0, 1), (1, 0). Indeed, the factor
1/Γ(−2g) in it has poles at these lattice points, while the integral operator part remains well
defined because |t| < 1, t = e−2πig. It is therefore convenient to introduce the renormalized
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intertwining operator
[Mren(g)Φ](z) =
(q; q)∞ (p; p)∞
2
∫ 1
0
Γ(±z ± x− g)
Γ(±2x)
Φ(x)dx. (51)
Obviously, we still have the intertwining relations
Mren(g)S
a(g) = Sa(−g)Mren(g), Mren(g) S˜
a(g) = S˜a(−g)Mren(g) . (52)
Contiguous relations (22) are now modified to the form
Ak(g)Mren(g) = θ(e
−4πi(g+η); p)Mren(g + η) θk(z|
τ
2
) ,
Bk(g)Mren(g) = θ(e
−4πi(g+τ/2); q)Mren
(
g + τ
2
)
θk (z|η) ,
where the operators Ak(g) and Bk(g) have the same form as before. We can also modify
partner relations (29) similarly.
It is easy to derive the explicit expression for the intertwining operator Mren(−nη−m
τ
2
),
n,m ∈ Z≥0, (n,m) 6= (0, 0). In the multiplicative notation, we have
[Mren(−nη −m
τ
2
)Φ](Z) =
(p; p)∞(q; q)∞
4πi
∫
T
dX
X
Φ(X)
Γp,q(X±2)
·
·
∏n−1
i=0 θ(q
i−n/2pm/2XZ±1; p)
∏m−1
k=0 θ(q
−n/2pk−m/2XZ±1; q)
θ(qn/2pm/2X−1Z±1; p)θ(q−n/2p−m/2XZ±1; q)
. (53)
We now consider recurrence relation (22) for g = −η,
Ak(−η)M(−η) = M(0) θ¯k(z) = θ¯k(z) ,
where
Ak(−η) = e
πi z
2
η
cAθk
(
z| τ
2
)
θ1(2z|τ)
[
eη∂z − e−η∂z
]
e−πi
z2
η .
We thus obtain the operator identity
cAe
−πiη
θ1(2z|τ)
[
e−2πizeη∂z − e2πize−η∂z
]
M(−η) = 1l , or M(η)M(−η) = 1l , (54)
which follows from the representation for M(η) in formula (32). This relation explicitly
forbids the operator M(−η) to have zero modes. We note that if we assert the equality
M(−η)M(η) = 1l as a similar consequence of dual contiguous relation (29), then this is
incorrect. As shown above, the operator M(−η) has a singular integrand 1/θ(e2πi(x−η±z); q),
the shifts z → z±η used to derive (29) bring pole-type singularities to the integration contour,
and the recurrence relation does not hold. And, indeed, the relation M(−η)M(η) = 1l
cannot hold, because we know that M(η) has nontrivial zero modes. Similarly, we obtain
the equations
M(1
2
+ η)M(1
2
− η) = M( τ
2
)M(− τ
2
) = M(1+τ
2
)M(1−τ
2
) = 1l
without simple relations for the products M(− τ
2
)M( τ
2
) and M(1−τ
2
)M(1+τ
2
).
We take now inversion relation (18), multiply it by Γ(−2g), and take the limit g → nη+m τ
2
or g → 1
2
+ nη +m τ
2
, where n,m ∈ Z≥0. As mentioned above, Γ(−2g) vanishes in this limit
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except at the points (n,m) = (0, 0), (1, 0), (0, 1), for which operator (53) has a singular
integrand. Excluding them, we formally obtain the operator identities
M(nη +m τ
2
)Mren(−nη −m
τ
2
) = M(1
2
+ nη +m τ
2
)Mren(
1
2
− nη −m τ
2
) = 0 . (55)
Similarly, we can multiply (18) by Γ(2g) and take the limit g → −nη−m τ
2
or g → 1
2
−nη−m τ
2
,
where n,m ∈ Z≥0. Again, except at (n,m) = (0, 0), (1, 0), (0, 1), we obtain
Mren(−nη −m
τ
2
)M(nη +m τ
2
) = Mren(
1
2
− nη −m τ
2
)M(1
2
+ nη +m τ
2
) = 0. (56)
We prove equalities (55) using the results obtained earlier. We consider the part of the
integrand of operator (53) depending on the “external” variable Z. Let n,m > 0. Then theta
functions in the denominator cancel and, using the first relation in (39), we can represent
the products of theta functions in the numerator as linear combinations of the functions
ϕ
(n,m)
j,ℓ (z) fixed in (43). As already shown, these functions are zero modes of the operator
M(nη +m τ
2
) for n,m > 0.
We now set m = 0. We consider the action of M(nη) on the part of the integrand of
Mren(−nη) depending on Z:
M(nη)
∏n−1
i=0 θ(q
i−n/2XZ±1; p)
θ(qn/2X−1Z±1; p)θ(q−n/2XZ±1; q)
.
Because θ(qn/2X−1Z±1; p) = qnX−2θ(q−n/2XZ±1; p), we can cancel part of the theta func-
tions. In the numerator, there consequently remains the product
n−1∏
i=1
θ(qi−n/2XZ±1; p),
which can be represented as a linear combination of the theta functions
θj3(z|
τ
2
)θn−1−j4 (z|
τ
2
), j = 0, . . . , n− 1.
Hence, we must show that
M(nη)
θj3(z|
τ
2
)θn−1−j4 (z|
τ
2
)
θ(q−n/2XZ±1; q)
= 0.
Indeed, using recurrence relation (22), we obtain
M(nη)
θj3(z|
τ
2
)θn−1−j4 (z|
τ
2
)
θ(XZ±1; q)
=
= A3((n− 1)η) · · ·A3((n− j)η)A4((n− j − 1)η) · · ·A4(η)M(η)
1
θ(XZ±1; q)
.
Using the explicit form of the operator M(η), we obtain
M(η)
1
θ(XZ±1; q)
=
1
θ(X(q1/2Z)±1; q)
cAe
πi z
2
η
θ1(2z|τ)
·
·
(
eη∂z −
θ(X(q1/2Z)±1; q)
θ(X(q−1/2Z)±1; q)
e−η∂z
)
e−πi
z2
η = 0.
ELLIPTIC MODULAR DOUBLE 23
Because the parameter X is arbitrary, we obtain the needed equality. The derived result
leads to the relation M(nη)Mren(−nη) = 0 for n > 1. This is not true for n = 1: because of
the presence of the shifts by ±η, theta functions in the denominator lead to a pole appearing
on the integration contour in Mren, and the interchange of integration and finite-difference
operator action used above is therefore not allowed. Permuting the parameters τ and 2η, we
obtain a completely analogous picture for the operator M(m τ
2
). Equalities (56), apparently,
should follow from (55) after a finite-difference “integration by parts”.
The whole space KerM(g) is quite big. In addition to the zero modes of M(nη+m τ
2
) with
n,m ∈ Z≥0, which we investigated, there exist zero modes of the operator Mren(−nη−m
τ
2
).
At the moment, we cannot completely describe KerM(g) in a closed form. But we see that
the finite-dimensional space of zero modes composed of the products of theta functions,
which we have described above, can be uniquely characterized as the intersection of two
invariant subspaces:
products of theta functions = KerM(g) ∩ ImMren(−g),
where
g = nη +m τ
2
, 1
2
+ nη +m τ
2
, n,m ∈ Z>0.
Confirmation of this assertion also follows from the explicit form of operator (53). Using
formulas (39), we can factor out the dependence on z in the products of even theta functions
in the integrand in (53). Following the discussion of Sec. 5, we can conclude that Mren(−nη−
m τ
2
) with n,m > 0 maps all test functions to the products of even theta functions, which is
precisely the space of zero modes of the operator M(nη +m τ
2
) with n,m > 0 that we have
described. In addition, such a representation of operator (53) should allow describing the
kernel space of Mren(−nη − m
τ
2
) itself as the space of functions for which the appropriate
set of “theta-functional moments” vanishes. This observation requires a further detailed
investigation.
9. Conclusion
We have described a finite-dimensional space of zero modes of the integral operator M(g)
arising for two discrete spin lattices g. In particular, we derived an explicit expression for
M(g) acting in this space as a finite-difference operator. This operator is an intertwiner for
the elliptic modular double, and its zero modes given by products of theta functions with two
different modular parameters define finite-dimensional representations of this algebra. As a
next step, it is necessary to find a closed form for the action of generators of the Sklyanin
algebras in some basis of this space. Here, we stress that the choice of the basis is a free
option, and it may drastically simplify the situation in some special cases. For instance, the
products of theta functions
h
(N)
k (w; p, q) :=
k−1∏
j=0
θ(qjaw±1; p)
N−k−1∏
j=0
θ(qjbw±1; p), k, N ∈ Z≥0, (57)
were used as basis vectors of the space Θ+2N in [18, 19] for a simplified analysis of elliptic
6j-symbols (these functions first arose as some intertwining vectors in [27]). For the elliptic
24 S. E. DERKACHOV AND V. P. SPIRIDONOV
modular double, the two-index basis vectors
h
(N,M)
kj (w) := h
(N)
k (w; p, q)h
(M)
j (w; q, p)
should be considered, and the considerations of [18,19] should be generalized to such a case.
We expect with an appropriate choice of the measure it should be possible to derive the
two-index biorthogonal functions in [23].
The identity M(g)R12 = R
′
12M(g), where R12 is a solution of the YBE derived in [9] and
R′12 is another similar operator, shows that the kernel space of the operator M(g) is mapped
onto itself by the R-matrix R12. Therefore, zero modes of M(g) form an invariant space
for the action of operator R12. The explicit form of the corresponding finite-dimensional
R-matrices will be considered in a subsequent publication.
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